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Not all mathematical functions used to define physical quantities are guaranteed to be imple-
mentable; complex conjugation is one such. We show that universal state conjugation, i.e., complex
conjugation of unknown quantum states, is not implementable, even with nonzero failure probability
admitted and finitely many state clones supplied. Complex conjugation can also be defined on uni-
taries, for which we present a deterministic, universal quantum algorithm with a blackbox quantum
gate as the input unitary. Multiple uses of the oracle is shown to be necessary for unitary dimensions
larger than 2. An operator used to define this algorithm is exploited to generalize the two-qubit
concurrence for pure states. The generalized concurrence is based on complex conjugation of states,
much like the original concurrence. It is shown to be equivalent to the G-concurrence, a previously
known generalization of the original concurrence, derived from a separate mathematical observation
and a member of a family of concurrence monotones. We show that our approach also reproduces
all these concurrence monotones. Finally, the unitary conjugation algorithm is interpreted in terms
of particles and holes and their mode transformation.
Introduction.— The limits of quantum information
processing (QIP) are drawn by the limits of quantum op-
erations. Every QIP involves a process of converting an
input to output. While any given process defines some
mathematical map between the input and output, design-
ing QIP may begin with a particular mathematical map,
and then devised the necessary implementation, includ-
ing how the input and output are physically represented.
Complex conjugation on vectors with respect to some
basis {|j〉} is defined as |ψ〉 = ∑j αj |j〉 7→ |ψ∗〉 =∑
j α
∗
j |j〉. Some function of quantum states, such as the
concurrence (an entanglement measure) [1, 2], are de-
fined with the complex conjugation. In principle, any
state quantities of unknown quantum states can be eval-
uated by first obtaining a full classical description of the
given quantum state via quantum tomography. A more
direct and efficient evaluation would have been possible,
however, had the complex conjugation be a completely
positive and trace-preserving map, known not to be case
since the early days of quantum information research.
A quantum algorithmic implementation of the state
complex conjugation should have its input represented
by a quantum system in the state |ψ〉. In universal im-
plementations of the state conjugation, the same imple-
menting quantum operations are used for all the possi-
ble inputs, thus also valid in case a complete descrip-
tion of the state is unavailable. Reference [3] proposes
a quantum simulation algorithm of Majorana equation
dynamics, introducing the universal state conjugation as
a primitive subroutine. In addition, implemented effi-
ciently enough, universal state conjugation enhances the
distinguishability of quantum states [4, 5].
Nevertheless, the state conjugation map violates the
complete positivity condition, necessary for universal im-
plementations of deterministic and exact. The state con-
jugation in the aforementioned quantum simulation re-
quires that the simulated quantum system is “embed-
ded” in a larger Hilbert space, but the embedding per se
is an unphysical process [6]. Approximate implementa-
tions given multiple clones of the input unknown state are
discussed in Refs. [7, 8], identifying the maximum fidelity
achievable by deterministic implementations under mul-
tiple input clones. These results imply that the number
of clones for deterministic and exact state conjugation
must be infinite. It was not known whether a probabilis-
tic exact implementation is possible with multiple input
clones.
On the other hand, complex conjugation may also be
defined for unitary operators by U 7→ U∗. The conju-
gated unitary U∗ in certain contexts is introduced as the
time-reversed process with respect to U [9]. Quantities
defined as a function of unitary operators in general are
much less studied compared to that of quantum states,
but unitary conjugation may serve as a subroutine in
property testings of unitaries [10] or perhaps as an al-
ternative option to state conjugation when the target
state |ψ〉 is given as |ψ〉 = U |ψ0〉. In the latter case,
|ψ∗〉 = U∗|ψ∗0〉, hence if |ψ∗0〉 may be prepared separately
or is conjugation invariant, a universal state conjugation
is unnecessary.
The input in an implementation of unitary conjugation
may be represented by a blackbox quantum gate, which
is promised to apply a (possibly unknown) unitary op-
eration U on whatever quantum state supplied to it. In
contrast to the case of states, a universal conjugation of
the unitary operations is deterministically and exactly
implementable when the dimension of U is 2 × 2 [11].
For larger dimensions, however, the deterministic uni-
tary conjugation from the single unknown unitary gate
is again unimplementable [12].
2A physically viable implementation of these universal
conjugations must comply with the standard quantum
circuit model. For the unitary conjugation, the imple-
mentation algorithm is necessarily described by a quan-
tum circuit board (also referred to as a quantum comb)
[13, 14], while for states, it should correspond to a com-
pletely positive map.
Several conversion algorithms on unitary gates, e.g, the
conjugation and “replication” [15, 16], differ from others
such as “controllization” [17, 18] and “quantum switch”
[19, 20] in that conjugation and replication have an anal-
ogous conversion for states. Such conversions with both
states and gates in scope are required in quantum func-
tional computing [21] that treat both states and unitary
gates as data.
In this Letter, we first prove that probabilistic uni-
versal conjugation of quantum states is impossible from
a finite number of state clones, even if promised to be
unentangled to other systems. Although the state conju-
gation itself remains unimplementable, we present a uni-
versal quantum algorithm that deterministically conju-
gates unitary gates. Given its input as a blackbox quan-
tum gate on a d-dimensional system, the algorithmmakes
d − 1 uses of the input blackbox. The multiple uses are
shown to be necessary (although its optimality remains
a conjecture). The algorithm utilizes a particular iso-
metric operator resembling a completely antisymmetric
state. We use this operator to generalize the original
concurrence for pure bipartite states of arbitrary dimen-
sions. Finally, a close inspection at the algorithm leads
to a physical interpretation based on particles and holes
in fermionic systems.
No-go for probabilistic universal state conjugation.—
For any bipartite pure state |ψ〉 ∈ H⊗K, we denote its k
clones by (|ψ〉〈ψ|)•k, and continue to treat as a bipartite
state with each local subsystem beingH⊗k andK⊗k. The
symbols • and ⊗ are mathematically equivalent, but the
latter is reserved to denote the tensoring operation with
respect to the bipartition of |ψ〉. This notation follows
Ref. [22].
Multiple clones of the unconjugated |ψ〉•l are insuffi-
cient to create the conjugated ones |ψ∗〉•n.
Theorem 1 It is impossible to create state |ψ∗〉 given fi-
nite clones of the unknown state |ψ〉 with non-zero prob-
ability.
This follows from the fact that any nonzero success
probability however small may be amplified by repeat-
ing the conjugation algorithm until it succeeds. The
failure probability decreases exponentially in the num-
ber of clones, hence violates the optimal implementa-
tion fidelity derived in Ref. [7]. The result in Ref. [7] is
obtained under the assumption that the conjugation is
performed by a deterministic quantum operation, which
may seem to contradict with the proposed repeat-until-
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FIG. 1. (color online) The quantum circuit architecture to im-
plement the universal unitary conjugation of the unitary gate
blackbox U . Boxes labeled E and D represent the encoder
E and the decoder D, respectively. The quantum channels in
the shaded area constitute a quantum comb [13, 14].
succeed method, generally requiring post-selection. The
method, however, can be modified to a deterministic pro-
cess. See Ref. [23] for a more rigorous statement and its
proof.
Universal unitary conjugation.— The quantum cir-
cuit of our universal unitary conjugation algorithm is
given in FIG. 1. The input unitary is given as a quantum
gate oracle implementing some unitary U . The gates E
and D are independent of U . To define E and D, we
introduce an isometric operator A : H → H⊗d−1,
A :=
∑
τ∈Sd
sgn(τ)√
(d− 1)! |τ2, ..., τd〉〈τ1|, (1)
where Sd is the symmetric group of degree d.
It is by no coincidence that A resembles the antisym-
metric state |A〉 := ∑τ∈Sd sgn(τ)√d! |τ1, ..., τd〉. The anti-
symmetric state of a d-qudit system is unique up to the
global phase. This assures that U⊗d|A〉 = |A〉, which
implies U⊗d−1A = AU∗ and thus A†U⊗d−1A = U∗. Our
unitary conjugation algorithm exploits this fact, i.e.,
Theorem 2 Encoder E = U [A] and decoder D = U [A†]
give a universal implementation of unitary conjugation
with d− 1 uses of the input quantum gate, i.e., U [U∗] =
D ◦ U [U ]⊗d−1 ◦ E.
Here, for any operator O, U [O] is the superoperator de-
fined by U [O] (ρ) := OρO†. Strictly speaking, D is not
trace-preserving for d > 2 hence not deterministic, but
in the case considered, it can be implemented determin-
istically (for details, see Ref. [23]). Denoting the defining
representation of SU(d) by R, R⊗d−1 includes the conju-
gate representation R∗ as an irreducible representation.
The encoding map E takes R to R∗ and the decoding
map D reverses the process. This algorithm converts a
quantum operation U to another operation U∗.
Note that any antiunitary operator K decomposes
K = VΘ to a unitary operator V and the conjugation
Θ (see e.g., Ref. [24]). Thus, any antiunitary symmetry
transformation on unitaries are also deterministically re-
alizable by slightly modified pairs of the encoder and the
decoder.
3If d ≥ 3, then multiple uses of the input gate are nec-
essary:
Theorem 3 If ǫ > 0 and dimH ≥ 3, there is no quan-
tum circuit architecture which includes U [U ] as a sub-
routine, and performs U [U∗] on any unknown input state
with at least probability ǫ.
Our algorithm is thus optimal in the number of uses of
the input for d = 3. At the moment, it is open whether
the number of uses can be reduced when d ≥ 4. We
conjecture that d − 1 uses of the input unitary gate are
necessary even for probabilistic implementations.
Proof outline (details in Ref. [23]): Let B(H) denote
the set of bounded linear operators on the given Hilbert
space H. A universal probabilistic implementation algo-
rithm with a single use of the input gate can be expressed
with an encoder E : B(H) → B(H ⊗ HA) and decoder
D : B(H ⊗ HA) → B(H), both a completely and trace
non-increasing map, such that D◦(idHA⊗U [U ])◦E(ρ) =
p(ρ, U)U [U∗] (ρ). The coefficient p(ρ, U) is the success
probability of the implementation which may depend on
the input state ρ and input gate U . The fact that U [U∗]
is a completely positive and trace-preserving map implies
that p(ρ, U) is independent of ρ.
Following the quantum comb framework in Refs. [13,
14], we deliberately relabel the Hilbert spaces of E and D
so that E : B(H2)→ B(H1⊗HA) and D : B(K1⊗HA)→
B(K2). In similar spirit, U [U ] : B(H1) → B(K1) and
U [U∗] : B(H2) → B(K2). Let SE,D : B(H1 ⊗ K1) →
B(H2 ⊗ K2) be the completely positive map derived
from D ◦ E as discussed in Refs. [13, 14]. Now, for any
V,W ∈ SU(d), consider the completely positive map
S V,W := U [WH2 ⊗ VK2 ] ◦ S ◦ U
[
WTH1 ⊗ V TK1
]
, which
also corresponds to a valid conjugation implementation
since (V TUW )∗ = V †U∗W ∗. Thus S :=
∫
dV dWS V,W
is yet another valid implementation, where the integral
is taken over the normalized SU(d) Haar measure.
We denote the projectors onto the symmetric and
antisymmetric subspaces of H ⊗ H as ΠS(H⊗H) and
ΠA(H⊗H), respectively. The Choi operator F˜ [25, 26]
on B(H ⊗ K) of a map F : B(H) → B(K) is defined
by F˜ :=
∑
ij |i〉〈j|H ⊗ F(|i〉〈j|H), where |i〉H are a ba-
sis of H. By Schur’s lemma and the Choi operator of
S being a positive semidefinite operator, we have S =∑
i,j∈{S,A} pijEi(H1,H2) ⊗ Ej(K1,K2), where pij ≥ 0 and
each Ei(H′,H′′) is proportional to a completely positive
trace-preserving map with the Choi operator Πi(H′⊗H′′).
The Choi operator of U [U ] and U [U∗] are both un-
normalized maximally entangled states. This leads to a
contradiction because the rank of ΠS(H⊗H) and ΠA(H⊗H)
are d(d + 1)/2 and d(d − 1)/2, respectively, which are
greater than 1 for d ≥ 3. Therefore, no universal imple-
mentation for a probabilistic unitary conjugation exists
with a single use of the input unitary gate if d ≥ 3.
Generalization of concurrence based on unitary
conjugation.— We let σy =
[
0 −i
i 0
]
and ψ := |ψ〉〈ψ|,
for brevity. The operator A allows us to generalize the
concurrence C(ψ) = |〈ψ|σy⊗σy|ψ∗〉| [1, 2], which quanti-
fies the entanglement of two-qubit states. The definition
of concurrence is extended to mixed states via convex
roof extension, but we will only focus on the pure states
in what follows.
A key property of any entanglement measure is that
it is invariant under local unitary transformation U ⊗
V , which is satisfied by C, since (σy ⊗ σy)(U ⊗ V ) =
(U∗ ⊗ V ∗)(σy ⊗ σy). For our purpose, it is important
that σy achieves unitary complex conjugation. In fact,
we observe that σy is equal to A for qubits up to the
irrelevant global phase.
This observation implies that, to generalize the two-
qubit concurrence to higher dimensional bipartite states,
it suffices to consider
Cg(ψ) := |〈ψ|•d−1A⊗A|ψ∗〉|, (2)
which is a conjugation-based quantity much like the orig-
inal concurrence.
We define the F -quantity Cn;mF , a conjugation-
based quantity Cn;mF associated to a completely posi-
tive map F : B(K•n) → B(K•m), by Cn;mF (|ψ〉) :=
Tr[ψ•mF((ψ∗)•n)]. The generalized concurrence Cg cor-
responds to the case F = U [A] ⊗ U [A], m = d − 1, and
n = 1.
The concurrence C has been generalized in several
ways since its introduction. One of such is the G-
concurrence CG(|ψ〉) = α(λ1...λd)1/d [27], where α is a
normalization factor and λi are the Schmidt coefficients
of |ψ〉, i.e., |ψ〉 = ∑i√λi|iH〉 ⊗ |iK〉 for some basis |iH〉
and |iK〉. The G-concurrence follows the analysis given
in Ref. [28], which generalizes C to
√
d
d−1 (1− Tr[ρ2H])
from the reduced density matrix ρH of |ψ〉, for higher-
dimensional systems than two qubits. Despite the differ-
ence in the motivations, Cg and CG are equivalent up to
a proportionality constant [23]. The conjugation-based
expression of Cg may be more favorable in extending it
to mixed states via convex roof expression, where finding
an optimal decomposition has been solved [29].
We may even extend Cg further. Let i1; ik de-
note an increasing sequences of k natural numbers be-
tween 1 and d. We introduce operators An;mi1;in+m :=
Σ
τ∈Sn+m
sgn(τ)√
(n+m)!
|τin+1 , ..., τin+m〉〈τi1 , ..., τin |, where Sn+m
represents the degree-(n +m) symmetric group and we
assume n+m ≤ d. It holds that
AN ;d−Ni1;id U
⊗N = (U∗)⊗d−NAN ;d−Ni1;id , (3)
from which we derive alternative expressions of Cg, i.e.,
Cg(ψ) = |〈ψ|•(d−N)AN ;d−Ni1 ;id ⊗A
N ;d−N
i1;id
|ψ∗〉•N |.
4The G-concurrence is one of the family of concurrence
monotones, Ck = αkSk(λ1, . . . , λd)
1/k for k = d, where
αk is a normalization factor and Sk the k-th elemen-
tary symmetric polynomial. We also recover the other
members as a conjugation-based quantity using An;mi1;in+m .
A single An;mi1;in+m is not enough to guarantee local uni-
tary invariance for other values of n+m, but a group of
them does, i.e., En;m := Σ
i1;in+m
U
[
An;mi1 ;in+m
]
. Direct cal-
culation, combined with Ref. [30] shows that Cn;m(En;m)⊗2 is
equal to (Ck)
k up to a proportionality factor.
Particle-hole interpretation.— Fermionic systems
provide a physical interpretation for the unitary conju-
gation algorithm. A d-mode fermion in quantum field
theory is characterized by annihilation and creation
operators, a|i〉 and a
†
|i〉 for i = 1, . . . , d, that obey
anticommutation relations, {a|i〉, a|j〉} = {a†|i〉, a†|j〉} = 0
and {a|i〉, a†|j〉} = δij . The input state of the universal
conjugation algorithm is given as a d-dimensional quan-
tum system. We interpret this state as a single-particle
state of the d-mode fermion.
The role of the operatorA is to convert a single-particle
state to a single-“hole” state. The defining algebra of a
hole, denoted here as b|i〉 for i = 1, . . . , d, with respect to
a given fermionic particle is actually another representa-
tion of the defining particle algebra, via b|i〉 = a
†
|i〉. The
vacuum state |vac〉 for particles is defined by a|i〉|vac〉 = 0
for any i = 1, . . . , d. On the other hand, the vacuum state
|vachole〉 of holes is a completely occupied state of par-
ticles, i.e., |vachole〉 = a†|1〉 · · ·a†|d〉|vac〉. Correspondingly,
a single-hole state is a d − 1-particle fermionic state, to
which we may associate a completely antisymmetric state
of d− 1 distinguishable d-level particles.
A mode-transformation is what corresponds to a
change of basis in particle quantum theory. Given a
d × d unitary U , a mode-transformed representation
of the defining fermionic algebra is given by a†U|i〉 :=∑d
j=1[U ]ija
†
|i〉. In our algorithm, the unitaries applied
after A is a mode-transformation on a hole, yielding
b†U|i〉 =
∑d
j=1[U ]ijb
†
|i〉.
Finally, A† converts the transformed hole to a particle,
which implies that bU|i〉 becomes the creation operator.
Thus the overall transformation is
a†|i〉 → a†U∗|i〉 = (bU|i〉)† =
d∑
j=1
[U ]∗ija
†
|i〉,
which is what we desired. This argument can be extended
for more than one particle, indeed Eq. (3) corresponds to
the case when there are N particles. See Fig. 2 for a
conceptual diagram.
Conclusion.— The probabilistic universal state con-
jugation was shown to be impossible from finite state
clones. We presented a deterministic algorithm to im-
plement universal conjugation on d-dimensional unitary
particles
holes
U
U*
A
FIG. 2. (color online) A conceptual figure of the particle-hole
interpretation of the unitary conjugation algorithm.
gates from d − 1 uses of the input gate. The multiple
uses are proven necessary. The mathematical tool used
in designing the algorithm is applied to extend the con-
currence, resulting in a conjugation-based expression for
the family of concurrence monotones. The particle-hole
formalism of quantum field theory was used to interpret
the mathematical structure of the algorithm.
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I. PROOF OF THEOREM 1 IN THE MAIN TEXT
In this section, we show that state conjugation |ψ〉〈ψ| 7→ |ψ∗〉〈ψ∗| is not probabilistically implementable even when
multiple clones of the unknown state |ψ〉 are available. Any state transformation T : S(H) → S(H) is said to be
probabilistically implementable fromm clones of the unknown input state if there is a positive number ǫ and quantum
instrument I = {E , E ′} from the copied space H⊗m to H such that
E(|ψ〉〈ψ|⊗m) ∝ T (|ψ〉〈ψ|), (I.1)
Tr[E(|ψ〉〈ψ|⊗m)] ≥ ǫ, (I.2)
for any state |ψ〉 ∈ H. Such I implements T with probability at least ǫ for any state.
Given two states ρ and σ, their (Uhlmann) fidelity F (ρ, σ) is defined by
F (ρ, σ) := Tr
[√√
σρ
√
σ
]
(I.3)
First note that the probabilistic implementability of T from finite clones places a lower bound on the scaling of the
optimal fidelity to approximate T :
Lemma I.1 If T : S(H)→ S(H) is probabilistically implementable from finite clones, there exists a constant 0 ≤ c < 1
satisfying
FTn := max
Γ
min
ρ:pure
F (Γ(ρ⊗n), T (ρ)) ≥ 1− cn, (I.4)
for all positive integers n, where the maximization with respect to Γ is taken over all quantum channels (i.e., completely
positive trace-preserving maps) from H⊗n to H.
The fidelity FTn measures the achievable accuracy of the approximation of T from n clones.
Proof ) Let T : S(H) → S(H) be a state transformation which is probabilistically implementable from m clones of
the unknown input state, and I = {E , E ′} be the instrument with E satisfying Eq. (I.1) and (I.2). Assume that m× l
clones of the unknown input state |ψ〉〈ψ| are provided in the copied system H⊗(m×l). The completely positive maps E
and E ′ are of B(H⊗m)→ B(H). We label the Hilbert spaces on the ith block byHi, and denote H⊗(m×l) by ⊗li=1H⊗mi .
The maps E and E ′ applied on the ith system are denoted as Ei : B(H⊗mi ) → B(Hi) and E ′i : B(H⊗mi ) → B(Hi),
respectively.
Given the copied spaces ⊗li=1H⊗mi with the clones |ψ〉〈ψ|⊗(m×l), we execute the following protocol:
1. Introduce an ancillary system H initialized to |0〉〈0|.
2. Set i = 1.
3. If i ≤ l, then perform instrument Ii = {Ei, E ′i} on the ith block. If the instrument “succeeds” (i.e., Ei is
performed on the ith system), then swap the state in the ancillary space H and the ith system (which is in the
desired state T (|ψ〉〈ψ|)). Increment i by 1 and repeat this step.
4. If i > l, then terminate the protocol.
∗ soeda@phys.s.u-tokyo.ac.jp
2We see that the ancillary space H finishes in T (|ψ〉〈ψ|) if the success outcome is obtained at any one of 1 ≤ i ≤ l.
The probability of failing in all i is given by
Tr[E ′((|ψ〉〈ψ|)⊗m)]l = (1− Tr[E((|ψ〉〈ψ|)⊗m)])l , (I.5)
which is upper bounded by (1 − ǫ)l. The desired state T (|ψ〉〈ψ|) appears in the ancillary system H at least with
probability 1− (1− ǫ)l.
Next, we translate the protocol in terms of completely positive trace-preserving maps. In addition to the Hilbert
spaces Hi and H, ancillary systems Ki ∼= H are introduced for all i. Figure 1 represents the quantum circuit
representation of the trace preserving completely positive map Γ that we construct below. Each instrument {Ei, E ′i}
is replaced by
Γi(·) := Ei(·)⊗ |1〉〈1|Ki + E ′i(·)⊗ |0〉〈0|Ki (I.6)
from B(H⊗mi ) to B(Ki⊗Hi), which is a completely positive and trace-preserving map. The conditional operations in
Step 2 correspond to
Γ′i := idHi⊗H ⊗ (TrKi ◦ U [|0〉〈0|Ki ]) + SWAPHi,H ⊗ (TrKi ◦ U [|1〉〈1|Ki ]) (I.7)
from B(H⊗Hi⊗Ki) to B(H⊗Hi), where SWAPHi,H denotes the swap operation between Hi and H. Γ′i does nothing
if the state of the register Ki is 0 (corresponding to the failure), and swaps the states on H and Hi if 1 (corresponding
to the success). The composition
Γ := Tr⊗iHi ◦ Γ′1 ◦ ... ◦ Γ′l ◦
[
l⊗
i=1
Γi
]
◦ (· ⊗ |0〉〈0|H), (I.8)
where (· ⊗ |0〉〈0|H) creates state |0〉〈0| on H, is the desired completely positive trace-preserving map.
If one obtains the success in any of the l blocks, the state on H results in the appropriately transformed state. Since
the probability of not having the success in all i is given by Eq. (I.5),
Γ(|ψ〉〈ψ|⊗(m×l)) = (1− (1− Tr[E((|ψ〉〈ψ|)⊗m)])l T (|ψ〉〈ψ|) + (1− Tr[E((|ψ〉〈ψ|)⊗m)])l |0〉〈0| (I.9)
holds for any pure state |ψ〉 ∈ H. Equation (I.9) implies
FTml := max
Γ′′
min
|ψ〉
F (T (|ψ〉〈ψ|),Γ′′(|ψ〉〈ψ|⊗(m×l)))
≥ min
|ψ〉
F (T (|ψ〉〈ψ|), (1− (1− Tr[E((|ψ〉〈ψ|)⊗m)])l T (|ψ〉〈ψ|) + (1− Tr[E((|ψ〉〈ψ|)⊗m)])l |0〉〈0|)
≥ min
|ψ〉
(1− (1− Tr[E((|ψ〉〈ψ|)⊗m)])l)F (T (|ψ〉〈ψ|), T (|ψ〉〈ψ|)) + (1− Tr[E((|ψ〉〈ψ|)⊗m)])l F (T (|ψ〉〈ψ|), |0〉〈0|)
≥ 1− (1 − ǫ)l, (I.10)
Γ1
Γ2
Γl
Z
Z
Z
|0〉
K
K
K
H
H
H
H
FIG. 1. The quantum circuit representation of the completely positive trace-preserving map Γ presented in Eq. (I.8). Circuit
components labeled Z represent a measurement in the computational basis {|0〉, |1〉}. The white boxes with crossing lines
inside represent conditional swap operations applying SWAP between Hilbert spaces corresponding to the crossing lines if the
outcome of the measurements are 1 (otherwise they do nothing). The ground symbols represent partial traces on corresponding
systems. The completely positive trace-preserving maps Γ′i (i = 1, ..., l) defined by Eq. (I.7) are represented here by swap
operations conditioned on the measurement outcomes on K.
3where the third inequality follows from the concavity of the fidelity function.
If dimH = d, take a positive constant c less than 1 and
c ≥ max
{√
1− ǫ,
(
1− d−1/2
)1/m}
. (I.11)
If n > m, there exists l ≥ 2 such that
m(l − 1) ≤ n ≤ ml (I.12)
for which we have
FTm(l−1) ≥ 1− (1− ǫ)m(l−1) ≥ 1− (1− ǫ)ml/2 ≥ 1− cml ≥ 1− cn. (I.13)
More clones can only improve the optimal fidelity, thus
FTn ≥ FTm(l−1), (I.14)
which by Eq. (I.13) proves Eq. (I.4) for n ≥ m.
For the case n < m, the completely mixed state τcm is given by
τcm =
Id
d
, (I.15)
where Id is the identity matrix on H. For any input |ψ〉〈ψ|,
F (τcm, T (|ψ〉〈ψ|)) =
√
1
d
. (I.16)
Thus,
FTn ≥
√
1
d
(I.17)
for any positive integer n, since there always exists a completely positive trace-preserving map such that outputs τcm
for any |ψ〉〈ψ|. The constant c is chosen so that √
1
d
≥ 1− cn (I.18)
for n ≤ m. This proves Eq. (I.4) for n ≤ m.
Now assume that conjugation on states from two dimensional space H ∼= C2 is probabilistically implementable from
finite clones. This implies that the universal-NOT gate [1] sending the input state |ψ〉 to its orthogonal |ψ⊥〉 = σy |ψ∗〉 is
also probabilistically implementable from the same number of clones. Then Lem. I.1 implies the existence of a constant
c ∈ [0, 1) such that the optimal fidelity of the universal-NOT gate satisfies FU−NOTn ≥ 1− cn. This contradicts to the
known optimal fidelity FU−NOTn = 1− (n+2)−1 [1], since 1− cn exceeds 1− (n+2)−1 for a sufficiently large n. Thus
it is impossible to probabilistically implement the state conjugation from finite clones of the unknown state.
II. UNIVERSAL UNITARY CONJUGATION
A. Proof of Theorem 2 in the main text
Let operator An : H⊗n → H⊗d−n be defined by
An :=
1√
(d− n)!n!
∑
τ∈Sd
sgn(τ)|τn+1, ..., τd〉〈τ1, ..., τn|. (II.1)
We denote the antisymmetric subspace of H⊗m by H∧m. If dimH = d and {|i〉}i=1,...,d is a basis of H, the antisym-
metric subspace H∧m is spanned by
|∧i1,...,im〉 :=
1√
m!
∑
τ∈Sm
sgn(τ)|τi1 , ..., τim〉, (II.2)
4for 1 ≤ i1 < ... < im ≤ d, where Sm is the degree-m symmetry group. The subscripts of τi1 , ..., τim for a given τ ∈ Sm
mean that the permutation is taken within {i1, ..., im}. In this notation, A1 corresponds to the operator A defined by
Eq. (3) in the main text.
In this section we prove a theorem which includes Thm. 2 in the main text as a particular case.
Theorem II.1 Let E : B(H⊗n)→ B(H⊗d−n) and D : B(H⊗d−n)→ B(H⊗n) be a completely positive trace-preserving
map with An and A
†
n as one of its Kraus operators, respectively. Then
D ◦ U [U⊗d−n] ◦ E(ρ) = U [U∗⊗n] (ρ), (II.3)
for any unitary operator U on H and any state ρ of the antisymmetric subspace S(H∧n).
Proof ) We first confirm that U [An] and U
[
A†n
]
are a completely positive trace non-increasing map. Each element
τ ∈ Sd is uniquely decomposed to τ = (τn ⊗ τd−n) ◦ ν, where ν ∈ Sd is restricted by
ν1 < ... < νn, νn+1 < ... < νd, (II.4)
and τn is a permutation within ν1, ..., νn and τ
d−n within νn+1, ..., νd. Denoting the set of permutations satisfying
Eq. (II.4) by Tn,d−n, An is rewritten as
An =
1√
n!(d− n)!
∑
ν∈Tn,d−n
sgn(ν)
∑
τn∈Sn, τd−n∈Sd−n
sgn(τd−n)sgn(τn)|τd−nνn+1 , ..., τd−nνd 〉〈τnν1 , ..., τnνn |
=
∑
ν∈Tn,d−n
sgn(ν)|∧νn+1,...,νd〉〈∧ν1,...,νn|
=
∑
ν∈Tn,d−n
(−1)n(n+1)/2+
∑n
k=1
νk |∧νn+1,...,νd〉〈∧ν1,...,νn |, (II.5)
where we have used sgn(ν) = (−1)
∑
n
k=1
(νk−k) = (−1)n(n+1)/2+
∑
n
k=1
νk to obtain the third equality. The expres-
sion (II.5) implies that An is a unitary operator between the antisymmetric subspaces H∧n and H∧d−n (note that
dimH∧d−n = ( dd−n) = (dn) = dimH∧n). This proves that U [An] and U [A†n] are a completely positive trace non-
increasing map, and can be extended to trace-preserving maps E and D by adding extra completely positive trace
non-increasing maps E ′ and D′, which have the complement of H∧n in H⊗n and H∧d−n in H⊗d−n as domains,
respectively, so that
E = U [An] + E ′, D = U
[
A†n
]
+D′. (II.6)
We prove that the operator An exhibits the symmetry
U [An] ◦ U [U∗]⊗n = U [U ]⊗d−n ◦ U [An] (∀U : unitary). (II.7)
We define
|ΦH,H〉 :=
d∑
i=1
|i, i〉 (II.8)
to be an unnormalized maximally entangled state vector such that
I⊗X |ΦH,H〉 = XT ⊗ I|ΦH,H〉 (II.9)
is satisfied for any operator X on H. Clearly, Eq. (II.7) holds if and only if
U [An] = U [U ]⊗d−n ◦ U [An] ◦ U
[
UT
]⊗n
(∀U : unitary). (II.10)
Let the Choi operator of U [An] be defined by
U˜ [An] := idH⊗n ⊗ U [An] (ΦH⊗n,H⊗n) (II.11)
where
ΦH⊗n,H⊗n := (ΦH,H)
⊗n. (II.12)
5The condition (II.10) expressed in Choi operators is equivalent to
U˜ [An] = idH⊗n ⊗ U [U ]⊗d−n ◦ U [An] ◦ U
[
UT
]⊗n
(ΦH⊗n,H⊗n)
=
(
U [U ]⊗n ⊗ U [U ]⊗d−n
)
◦ (idH⊗n ⊗ U [An]) (ΦH⊗n,H⊗n)
= U [U ]⊗d (U˜ [An]), (∀U : unitary). (II.13)
The definition (II.1) implies that
U˜ [An] = d!
n!(d− n)! |∧1,...,d〉〈∧1,...,d|. (II.14)
Therefore, the Choi operator U˜ [An] indeed satisfies Eq. (II.13) since it is proportional to the projector onto the
antisymmetric subspace of H⊗d which is an invariant subspace under SU(d)⊗d. This proves Eq. (II.7).
For any state ρ ∈ S(H∧n) from the antisymmetric subspace of H⊗n, we have
D ◦ U [U ]⊗d−n ◦ E(ρ) = D ◦ U [U ]⊗d−n ◦ U [An] (ρ)
= U [A†n] ◦ U [U ]⊗d−n ◦ U [An] (ρ), (II.15)
since the state is kept inside antisymmetric subspaces by E and U [U ]⊗d−n. The right hand side of Eq. (II.15) is
transformed into
U [A†n] ◦ U [An] ◦ U [U∗]⊗n (ρ), (II.16)
by the symmetry (II.7), and further to
U [U∗]⊗n (ρ), (II.17)
since the operator An is unitary between the antisymmetric subspaces H∧n and H∧d−n. The algorithm as described
by the theorem achieves the universal unitary conjugation.
B. Proof of Theorem 3 in the main text
A rigorous statement of Theorem 3 in the main text is as follows.
Theorem II.2 When H is a d ≥ 3 dimensional Hilbert space, there is no triple (ǫ, E ,D) of a positive number ǫ,
completely positive trace non-increasing maps E : B(H)→ B(H⊗HA) and D : B(H⊗HA)→ B(H) with an ancillary
Hilbert space HA such that
0 < ǫ ≤ Tr[D ◦ (idHA ⊗ U [U ]) ◦ E(ρ)], (II.18)
D ◦ (idHA ⊗ U [U ]) ◦ E(ρ) ∝ U [U∗] (ρ), (II.19)
(∀ρ ∈ S(H))
for any unitary U on H.
We need two lemmas to show this theorem. Following Ref. [2], the set of (bounded) linear operators from B(H′)
to B(K′) are denoted as B(B(H′),B(K′)). We denote the Choi-Jamio lkowski isomorphism from the linear maps to
bipartite operators by χ : B(B(H),B(K)) → B(H ⊗K). The first lemma comes from the quantum comb framework
[2, 3]. While the content of this lemma is already mentioned in Ref. [2, Sec. IV A], we here add an explicit proof.
Lemma II.1 Let E : B(H2)→ B(H1⊗HA) and D : B(K1⊗HA)→ B(K2) be a completely positive trace non-increasing
map, and define a mapping fE,D from linear maps Γ in B(B(H1),B(K1)) to those in B(B(H2),B(K2)) by
fE,D(Γ) = D ◦ (Γ⊗ idHA) ◦ E . (II.20)
Then the composition
SE,D : B(H1 ⊗K1) χ
−1
−−→ B(B(H1),B(K1)) fE,D−−−→ B(B(H2),B(K2)) χ−→ B(H2 ⊗K2), (II.21)
is a completely positive map.
6Proof ) The linearity of SE,D follows from the linearity of the Choi-Jamio lkowski isomorphism and fE,D. Let K′ be an
ancillary finite dimensional Hilbert space and ω ∈ B(H1 ⊗K1 ⊗K′) ∼= B(H1 ⊗K1)⊗B(K′) be a positive semidefinite
operator. The parallel composition of fE,D ◦ χ−1 and idK′ is defined so that, when applied on ω, it yields an element
of B(B(H2),B(K2))⊗ B(K′), which is a linear map on B(H2) whose action on any a ∈ B(H2) is determined by(
(fE,D ◦ χ−1)⊗ idK′(ω)
)
(a) = D ⊗ idK′
(
TrH1 [ωE(a)T]
)
(II.22)
= (D ⊗ idK′) ◦ (Ω⊗ idHA) ◦ E(a), (II.23)
where Ω : B(H1) → B(K2 ⊗ K′) is a completely positive map Ω(·) = TrH1 [ω(·)T]. Observe that D ⊗ idK′ , Ω ⊗ idHA ,
and E are completely positive, and hence also their composition (D ⊗ idK′) ◦ (Ω ⊗ idHA) ◦ E . This implies that the
operator
(χ ◦ fE,D ◦ χ−1)⊗ idK′(ω) =
(
(D ⊗ idK′) ◦ (Ω⊗ idHA) ◦ E
)⊗ idH′
2
(ΦH2,H′2) (II.24)
is positive semidefinite. The composition SE,D = χ ◦ fE,D ◦ χ−1 is completely positive since operator SE,D ⊗ idK′(ω)
is positive semidefinite for any ω of any K′.
Lemma II.2 Let Γ : B(H)→ B(K) be a completely positive trace-preserving map. If there exists a completely positive
map F : B(H)→ B(K) implementing Γ probabilistically, i.e., if F satisfies
ǫ ≤ Tr[F(ρ)], F(ρ) = Tr[F(ρ)]Γ(ρ) (∀ρ ∈ S(H)), (II.25)
for some positive real number ǫ > 0, then either Γ(·) = ρ′Tr[·] for some state ρ′ or Γ = F/p with some positive number
p.
Proof ) We consider the action of F on a probabilistic mixture pρ+ (1 − p)σ of two states ρ and σ in S(H). By the
assumption Eq. (II.25),
F(pρ+ (1 − p)σ) = Tr[F(pρ+ (1− p)σ)]Γ(pρ+ (1− p)σ)
= Tr[F(σ)]Γ(σ) + p{Tr[F(σ)]Γ(ρ− σ) + Tr[F(ρ− σ)]Γ(σ)}
+p2Tr[F(ρ− σ)]Γ(ρ− σ). (II.26)
On the other hand, the linearity of F implies
F(pρ+ (1− p)σ) = pF(ρ) + (1− p)F(σ)
= pTr[F(ρ)]Γ(ρ) + (1− p)Tr[F(σ)]Γ(σ)
= Tr[F(σ)]Γ(σ) + p{Tr[F(ρ)]Γ(ρ)− Tr[F(σ)]Γ(σ)}.
(II.27)
Since Eq. (II.26) and (II.27) must hold for all p, the third term in Eq. (II.26) must be zero, yielding
Tr[F(ρ− σ)]Γ(ρ− σ) = 0. (II.28)
If Γ returns a fixed output state for any input state, then the statement of the lemma holds trivially.
Otherwise if there are states ρ, σ ∈ S(H) satisfying Γ(ρ) 6= Γ(σ), then for any state τ ∈ S(H), Γ(ρ) 6= Γ(τ)
or Γ(σ) 6= Γ(τ) holds. In both cases, Eq. (II.28) implies Tr[F(ρ)] = Tr[F(σ)] = Tr[F(τ)]. Thus if there are states
ρ, σ ∈ S(H) satisfying Γ(ρ) 6= Γ(σ), there is a constant p ∈ (0, 1]) such that
p = Tr[F(τ)] (∀τ ∈ S(H)), (II.29)
which implies Γ = F/p.
Proof of Theorem II.2) Assume the existence of a pair of completely positive trace non-increasing maps E and D
satisfying the conditions of Thm. II.2. We label the domain and codomain Hilbert spaces of E and D as
E : B(H2)→ B(H1 ⊗HA), D : B(K1 ⊗HA)→ K2. (II.30)
These Hilbert spaces except HA are all equivalent, i.e., H1 ∼= H2 ∼= K1 ∼= K2.
Assumption (II.18) and (II.19) together imply
D ◦ (idHA ⊗ U [U ]) ◦ E = pUU [U∗] (∀U), (II.31)
with probability pU depending only on the unitary U , since Lem. II.2 stipulates that either (II.31) or U [U ] (·) = σTr[·]
holds under these assumptions (c.f., take Γ to U [U∗] to Γ and F to D ◦ (idHA ⊗ U [U ]) ◦ E). Obviously the latter is
not the case.
7From Lem. II.1 the map SE,D : B(H1 ⊗ K1) → B(H2 ⊗ K2) defined by Eq. (II.20) is completely positive. Equa-
tion (II.31) is rewritten in terms of SE,D as
SE,D(idH1 ⊗ U [U ] (ΦH1⊗H1)) ∝ idH2 ⊗ U [U∗] (ΦH2⊗H2) (∀U), (II.32)
where ΦH,H represents the unnormalized density operator for vector
∑d
i=1 |i, i〉, and domains and codomains of unitary
operators are H1 and K1, respectively, for the left-hand side and H2 and K2, respectively, for the right. In short,
idH1 ⊗ U [U ] (ΦH1⊗H1) is the Choi operator of unitary channel U [U ].
From SE,D, we construct another completely positive map S : B(H1 ⊗K1)→ B(H2 ⊗K2) satisfying
U [VH2 ⊗WK2 ] ◦S ◦ U
[
V TH1 ⊗WTK1
]
= S (II.33)
for all d-dimensional unitary operators V and W whose acting space is indicated by the subscripts. Let us consider
applying SE,D on the Choi operator determined by a sequence of unitaries V
TUW . On the one hand, we obtain
SE,D
(U [IH1 ⊗ V TK1UWH1] (ΦH1,H1))
= SE,D
(U [WTH1 ⊗ V TK1U] (ΦH1,H1))
= SE,D ◦ U
[
WTH1 ⊗ V TK1
]
(U [IH1 ⊗ U ] (ΦH1,H1)) , (II.34)
where we have used Eq. (II.9). On the other hand, the defining property of SE,D given by Eq. (II.32) together with
the relation (II.9) implies
SE,D
(U [IH1 ⊗ V TK1UWH1] (ΦH1,H1))
∝ U
[
IH2 ⊗ V †K2U∗W ∗H2
]
(ΦH2,H2)
= U
[
W †H2 ⊗ V
†
K2
U∗
]
(ΦH2,H2)
= U
[
W †H2 ⊗ V
†
K2
]
(U [IH2 ⊗ U∗] (ΦH2,H2)) . (II.35)
Combining Eq. (II.34) and (II.35), we obtain
U [WH2 ⊗ VK2 ] ◦SE,D ◦ U
[
WTH1 ⊗ V TK1
]
(U [IH1 ⊗ U ] (ΦH1,H1)) ∝ U [IH2 ⊗ U∗] (ΦH2,H2).
This implies that the completely positive map S V,W defined by
S
V,W := U [WH2 ⊗ VK2 ] ◦S ◦ U
[
WTH1 ⊗ V TK1
]
satisfies Eq. (II.32). We define the CP map S by
S :=
∫
dV dWS V,W , (II.36)
where integral is taken by the normalized SU(d) Haar measure. The symmetry (II.33) is guaranteed by construction.
For further analysis it is convenient to represent the symmetry constraint (II.33) in terms of S ’s Choi operator.
Let S˜ ∈ B(⊗2i=1Hi ⊗Ki) be a Choi operator of S defined by
S˜ := idH1⊗K1 ⊗S (ΦH1,H1 ⊗ ΦK1,K1). (II.37)
In terms of the Choi operators, the symmetry constraint (II.33) is equivalent to
S˜ = U [VH1 ⊗ VH2 ⊗WK1 ⊗WK2 ] (S˜ ), (V, W ∈ SU(d)). (II.38)
Taking the operator Schmidt decomposition of S˜ with respect to the subsystems B(H1 ⊗H2) and B(K2 ⊗K2), i.e.,
S˜ =
∑
k
γenck ⊗ γdeck , (II.39)
each operator γenck ∈ B(H1 ⊗H2) and γdeck ∈ B(K1 ⊗K2) must then satisfy
γenck = U [VH1 ⊗ VH2 ] (γenck ), γdeck = U [WK1 ⊗WK2 ] (γdeck ). (II.40)
8Schur’s lemma (see e.g., Ref. [4]) implies that
γenck = akΠS(H1⊗H2) + bkΠA(H1⊗H2), γ
dec
k = ckΠS(K1⊗K2) + dkΠA(K1⊗K2), (II.41)
where ΠS(H⊗H) and ΠA(H⊗H) are projectors onto the symmetric and antisymmetric subspaces of H ⊗ H, and
ak, bk, ck, dk are complex coefficients. By substituting γ’s from Eqs. (II.41) into Eq. (II.39),
S˜ =
(∑
k
akck
)
ΠS(H1⊗H2) ⊗ΠS(K1⊗K2) +
(∑
k
akdk
)
ΠS(H1⊗H2) ⊗ΠA(K1⊗K2)
+
(∑
k
bkck
)
ΠA(H1⊗H2) ⊗ΠS(K1⊗K2) +
(∑
k
bkdk
)
ΠA(H1⊗H2) ⊗ΠA(K1⊗K2).
(II.42)
Recall that the Choi operator S˜ must be positive semi-definite since S is completely positive. Hence, the coefficients
of Eq. (II.42) must all be non-negative, i.e.,
S˜ =
∑
i,j∈{S,A}
pijΠi(H1⊗H2) ⊗Πj(K1⊗K2) (II.43)
with non-negative real numbers pij .
Let us denote the completely positive maps whose Choi operators are Πi(H⊗K) by Ei(H,K) : B(H) → B(K). These
maps Ei(H,K) (i ∈ {S,A}) are all proportional to a trace-preserving map since the invariance U [U ⊗ U ] (Πi(H⊗K)) =
Πi(H⊗K) implies
TrK [Πi(H⊗K)] = TrK [U [U ⊗ U ] (Πi(H⊗K))] = U [U ] (TrK [Πi(H⊗K)]),
and thus TrK [Πi(H⊗K)] ∝ IH , which guarantees the existence of a trace preserving map proportional to Ei(H,K) [5].
Thus, the completely positive map S decomposes to a separable form
S =
∑
i,j∈{S,A}
pijEi(H1,H2) ⊗ Ej(K1,K2). (II.44)
Each component Ei(H1,H2) ⊗ Ej(K1,K2) must send one unnormalized maximally entangled state vector to another by
Eq. (II.32). The maps Ei(H1,H2)⊗ idK1 and idH1 ⊗Ej(K1,K2) both have to send maximally entangled states to another
maximally entangled state since maps Ei(H,K) are proportional to a trace-preserving map. Equivalently, the Choi
operators Πi(H1⊗H2) and Πj(K1⊗K2) of Ei(H1,H2) and Ej(K1,K2) must be maximally entangled states, i.e., rank 1. This
is impossible if d ≥ 3 because the rank of ΠS(H⊗K) and ΠA(H⊗K) are the dimensions of symmetric and antisymmetric
subspaces given by d(d+1)/2 and d(d−1)/2, respectively. Thus there is no completely positive map SE,D representing
a probabilistic unitary conjugation with only a single use of the input unitary if d ≥ 3.
This proof does not apply if d = 2, since the dimension of the antisymmetric subspace of H⊗H is d(d− 1)/2 = 1.
C. Generalization of concurrence
The operators An;mi1;in+m : H•n → H•m defined in the main text coincide with
√
n!m!
(m+n)!An when n +m = d, and
is defined even in the case n +m  d. Let Fn,m : B(H•n) → B(H•m) be the completely positive map whose Kraus
operators are An;mi1;in+m , namely,
Fn,m =
∑
1≤i1<...<in+m≤d
U
[
An;mi1;in+m
]
. (II.45)
9A straightforward calculation shows
F˜n,m = idH•n ⊗
∑
1≤i1<...<im+n≤d
U
[
An;mi1;im+n
]
(Φ•nH⊗H)
=
∑
1≤i1<...<im+n≤d
U
[
IH•n ⊗An;mi1;im+n
]
(Φ•nH⊗H)
=
∑
1≤i1<...<im+n≤d
 ∑
τ∈Sn+m
d∑
j1,...,jn=1
sgn(τ)√
(n+m)!
|τin+1 , ..., τin+m〉 ⊗ |j1, ..., jn〉〈τi1 |j1〉...〈τin |jn〉
 (h.c.)
=
∑
1≤i1<...<im+n≤d
 1√
(n+m)!
∑
τ∈Sn+m
sgn(τ)|τn+1, ..., τn+m〉 ⊗ |τi1 , ..., τin〉
 (h.c.)
=
∑
1≤i1<...<im+n≤d
|∧i1;in+m〉〈∧i1 ;in+m | = ΠH∧n+m
where (h.c.) represents the hermitian conjugate of the elements just before them. Thus the Choi operator for Fn,m
coincides with the projector onto antisymmetric subspace of H•m+n, which proves that our Cn;m(En;m)⊗2 is equal to (Ck)k
up to a proportionality factor from the argument presented in Ref. [6].
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